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SUMMARY

The problem of the scattering of a surface wave in a nonviscous, incompressible fluid of infinite depth by a fully
submerged, rigid, stationary sphere has been reduced to the solution of an infinite set of linear algebraic equations
for the expansion coefficients in spherical harmonics of the velocity potential. These equations are easily solved
numerically, so long as the sphere is not too close to the surface. The approach has been to formulate the problem
as an integral equation, expand the Green’s function, the velocity potential of the incident wave, and the total
velocity potential in spherical harmonics, impose the boundary condition at the surface of the sphere, and carry out
the integrations. The scattering cross section has been evaluated numerically and is shown to peak for values of the
product of radius and wave number somewhat less than unity. Also, the Born approximation to the cross section is
obtained in closed form.

1. Introduction

The problem of determining the influence of a submerged body on the ambient surface wave
structure is an old one, going back at least to Thomson [1] and Lamb [2]. But while a great
deal of effort has been devoted since then to the solution of various special cases and the
development of a variety of approximation methods (see Refs. [3]-[10] and [24] for an
incomplete but representative sample), one of the simplest and most important cases -— the
modification (i.e., scattering) of a surface wave by a completely submerged, rigid, stationary
sphere — has remained unsolved.

The present work provides an exact solution to this problem — though not in closed form
-— for a homogeneous, incompressible, nonviscous fluid of infinite depth and infinite extent.
The approach is to cast the equation for the velocity potential into the form of an integral
equation involving the Green’s function; an explicit expression for this function was
obtained long ago in Kochin’s [3] pioneering work, rederived independently by John [5],
and further developed by Wehausen and Laitone [11]. Expansion in spherical harmonics of
the Green’s function and the velocity potentials of the known incident and the unknown
modified wave permits analytic evaluation of the integrals and leads to an infinite set of
linear algebraic equations for the unknown expansion coefficients. So long as the spherical
obstacle is not too close to the surface, only the first few harmonics contribute significantly,
and the corresponding coefficients are readily found by truncating the expansion. The
equation of the free surface, which embodies the desired modification of the incident wave, is
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16 E. P. Gray

obtained directly from this modified velocity potential. This approach makes it very easy to
calculate both the total and the partial scattering cross sections of such a submerged sphere.

The Born approximation to the scattering cross section has been calculated. It can be
evaluated in closed form as a very simple expression involving modified Bessel functions,
and is shown to be an excellent approximation to the exact scattering cross section
whenever the depth of the sphere center exceeds the diameter. The Born approximation is
used to interpret physically the qualitative features of the dependence of the cross section on
the two dimensionless parameters: the ratio of the depth of the sphere center to the radius, a,
and the ratio of a to the surface wavelength.

The structure of the paper is as follows. In Section 2, the problem is formulated as an
integral equation with a Green’s function kernel. In Section 3, this integral equation is used
to derive an infinite set of linear algebraic equations for the coefficients in a spherical-
harmonic expansion of the velocity potential. In Section 4, the scattering cross section and
the Born approximation are obtained. In Section 5, a version of the Optical Theorem
relevant to surface-wave scattering is derived. In Section 6, the physical significance of the
results is discussed.

2. Formulation of the problem

Suppose a rigid sphere of radius a is submerged in an unbounded fluid of infinite depth, such
that its center is at a distance d (> a) below the surface. We use a Cartesian coordinate
system with its origin at the center of the sphere, with the axes directed such that the fluid
surface corresponds to the plane z = d. (See Fig. 1) The velocity potential @(x, y, z, t) is
specified completely by the incompressible nonviscous fluid equation

Vip=0forz<d, r>a, (1a)

z=d

Submerged sphere

Figure 1. Geometry of submerged sphere and image sphere.
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Scattering of a surface wave by a submerged sphere 17

the free surface boundary condition

@ 1 PP

T g et i

where g is the acceleration due to gravity, the “bottom” boundary condition

idi—»Ofor zZ— —00, (1c)
0z

and the boundary condition on the surface of the obstacle, where the normal derivative of @
must vanish,

0P
—5—=0f0r r=x*+y’+ 22 =a (1d)
n

Suppose we consider waves having a single frequency w/2z. Let us define the (complex)
spatial part y of the velocity potential through the relation
D(x, y, z, t) = Re{w(x, y, z)e '} ()

The equation and boundary conditions for i are given by

Viy=0Tfor z<d, r>a, (3a)

a 2

Y _ vy for z =d, where v= w—, (3b)

0z g

%eOfor zZ— —, (3¢)
and

0

Y —oforr=a (3d)

or

We solve this equation in terms of a Green’s function,

wr) =w,r) + 1/4n J w(r)V'G(r,r') n' d%s, 4

s

where s is the surface of the spherical obstacle (r = a), ¥ is the vector from 0 to P’ (Fig. 1), V/
denotes the gradient with respect to the “primed” variable, n is the unit normal from the
surface into the fluid and y; is the “incident” (i.e., unscattered) free surface wave of unit
amplitude, which we assume to be propagating in the x-direction,

Wi _ ev(z—d)+ivx. (5)
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18 E. P. Gray

In order that the solution to Eq. (4) be identical to that of Eqs. (3a)-(3d), the Green’s
function, G, for a point source at r’ must satisfy the equation

VG = —4nd(r - r), (62)

and the same “top” and “bottom” boundary conditions as , namely

G

e vG for z =d, (6b)
and

%(Z;——»Ofor Z— —o0; (6¢c)

the boundary condition satisfied by & on the surface of the obstacle, Eq. (3d), must be
imposed separately.

Wehausen and Laitone [11] have shown that G, as determined by Eqgs. (6a)-(6¢c), has the
form

1 1 ® . d
G(r, r/) — . + - + Qv ek(z+z —2d)Jo(kR) k
r—rl  |jr—r"

o k—v
+ 2mive*®* ¥ 729 J (VR), W)

where r = (X, ) Z)’ r= (x,’ y’a Z’)9 R = [(X - xl)Z + (y - y’)zji’ v o= (X’, yl9 2d - Z,)’ which
is the vector from 0 to P, the reflection of P’ in the free surface (see Fig. 1), § denotes the
principal value, and J,, is the Bessel function of order zero.

3. Calculation of velocity potential

We now proceed to solve Eq. (4) for the velocity potential. To that end, we expand y, y; and
G in spherical harmonics centered at the origin. The expansion coefficients of y will be the
unknown quantities that specify the solution. After imposing the boundary condition at the
surface of the sphere, Eq. (3d), and carrying out all the integrals in Eq. (4), we shall be left
with an infinite set of linear equations for the desired coefficients.

The general solution of the incompressible fluid equation V2y = 0, expressed in spherical
coordinates, has the form

y=1Y ¢, (F, " +G,r " )Prcos ) cos mp 8)

m,n

where

1f m=0
2 otherwise,

£m

the summation Y, , denotes Y %_, >, Pr is the associated Legendre polynomial, and

n=m’

(6, @) are the spherical angular coordinates of r with respect to the center of the spherical
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Scattering of a surface wave by a submerged sphere 19

obstacle, and with the z-axis chosen as the polar direction. Imposition of the boundary
condition dw/dr = 0 for r = a gives the relationship

n 2n+1
={——)a*"*'F_
Imposition of the same boundary condition in Eq. (4) leads to
L7 Ry a—ZG( ) %' =0 9
or r=a swr oror’ nr r=a,r'=a e ( )

Expansion of the incident wave, ¥, and of the various terms of the Green’s function is
carried out in Appendix A:

2rive** 2] wR)= Y ¢,A,,..Pr(cos 8)Pr(cos §')cos m(p — ¢'), (10a)

m mnKk- n
m,n, K

® dk .
ZVJ[ —— T2 (kR)= Y ¢, B, Pr(cos 8)PT(cos8') cosm(p — ¢'), (10b)

0 k -V m.n, K e
1
P =3 ¢ C_Pr(cos8)P"(cos ') cosm(g — ¢’), (10c)
1
m = Y &, D, Pr(cos 0)Pr(cos ') cosm(g — ¢'), (10d)
v; = 2 ¢,E,.Pr(cos 8)cos my, (10e)

x @ @

where the summation ) denotes > Y Y,

m,n,x m=0n=mx=m

_ 2mive” 2 Ly () (v )*

A =
" (n+m!e+m! (11a)
2v(_l)m+n+x+1 an+x -
— n tAY 4 E
™ (4 m)! (k + m)! Oy o) ay"** e Eiy)] po2vd (110)
[where Ei(y) is the exponential integral defined by
e ® dt
Ei(y) = ——f e"T for y > 0]
-y
which can be simplified to
_ 2v(_1)m+1(vr)n(vrl)x —zydE-.-z d nt+x—1 ]‘ ,
T e ey | © ) = EO Qvdy*t | (11b')
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20 E. P. Gray

r* (n—m)!

Cm" = FT m for r < r, (IIC)
RN AATAEY (n + x)!
Do = E(?J) (ﬁ) (n+m(x+m!’ (11d)
and
PO ova (11e)

= )

Due to the orthogonality of the spherical harmonics, Eq. (9) is separately valid for each
(m, n) term in the spherical harmonic expansion. Thus we have

0 2 2n n 62 o
OEn(@) _ _a~ dg'cosme’ | df'sin§'y(a, 8, ¢') 70ml9.a,0) ,’a, a)
or 4r |, 0 oror
for 0<m<nn=0,1,2,... (12)

where

mnx

an(al’ r, T’) = 2 (Cmnanx + A + anx + Dmnx)P:l(cos 0’)’ (13)
with

nK

)1 fn=x
10 otherwise.

Using Eqgs. (8) and (8a) for y, and carrying out the angular integrations indicated above,
we find

® 1
emn = Z Kf:',(l :’; t :;' (Cmndnx + amnx + bmmc + dmmc) fOI‘ 0 =m< n, (14)
where
2 H_.1ym n+x+1,—2vd
0 =g 0% A s _ 27mi(—1)"nx(va) e , (153)
mnx oror' =, =, (n+ m)!(x + m)!
5 s azBm“ _ 2(_1)m+1nx(va)n+x+1
mx = oror evea (nEm)(x+m)
n+x-1 j'
~2vd T _ :
X [e Ei(2vd) E‘,o (2vd)j+1j]’ (15b)
0*C (n—m)!
=a° mn = — 1
Cn = 8" 2 . nn+1) nTm (15¢)
i = aS@m __ mn+x) _a_)"*"“, (15)
meK oror |_,-, @+mlx+m)\2d
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Scattering of a surface wave by a submerged sphere 21

J0E _ i"(va)'n

e =a mn =
(n+ m)!

= 4" e (15¢)

?

r=a

and
fmn = anF""l' (ISf)
Eq. (14) is an infinite set of linear algebraic equations for the unknown expansion

coefficients f,, which specify the spatial part y of the velocity potential ®. Substitution of
Eqgs. (15a)-(15e) transforms this set of equations into the equivalent set

5k
—Emlmt X e e =t

K=m

x {(n + ) + 2ﬂ"+"“|:e_”(ni - Ei(B)) + "+_;_-1 —J—'—}} = —"(af)'e 52

=0 B
for 0<sm<n n=0,1,2,... (16)

where a = a/(2d) and § = 2vd.
The spatial part of the velocity potential is expressed in terms of the f, , as

wr 0, ¢0)=73% a,{(&)n + (n : 1)(5:—)” 1}/” cos mo P7(cos 0). 17)

The equation of the surface 7 is expressed in terms of y by

1 0d i :
0 = = S (5 .d ) =Re {?e"“’w(x, 5 d)}
@ . :
= [sinoty"(x y,d) ~ cos @ry'(x, . )] (18)

where " and y' are the real and imaginary part of v, respectively.

For the cross section calculations in Section 4 we shall require the asymptotic behavior at
large distances from the obstacle, but at moderate depths, of the scattered part of the
velocity potential, ¥, = ¥ — ¥,. This has been evaluated in Appendix B, with the result

(va)"*nf,,

~ % o¥(z — 2d) Hivp nin/4 cem \VA) Wy
Ve~ Gnore e 2 o n—m)l(n+1)

m,n

cos mo, (19)

where p = (x2 + y*)L.

4. Cross-section calculations: exact and Born approximation

We adopt the usual definition for the total scattering cross section, o, of the obstacle, but
adapted to a surface wave, namely,

o=PJI, (20)
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22 E. P. Gray

where P_is the total power in the scattered wave and I, is the intensity (power per unit length
along the wavefront) of the incident wave. The intensity can be obtained by evaluating

d
I;= J <p;vdz, (21)

-

where p; is the component of pressure at radian frequency w for the incident wave, v, is the
horizontal component of the fluid particle velocity for that wave, and the brackets ¢ )
denote the time average. These quantities can both be expressed in terms of the velocity
potential y;:

p; = Re(- iwpf'//ie_iw[) (22)
and
o, .
m:R{_ggam> @)

where p is the fluid density. The scattered power is similarly given by

27 d
P = PJ d¢J {psv,0dz, (24)
0 —
with
p, = Re(—iwp e~ (25)
and _
%=R%—ﬂﬁﬁm> 26)
dp

For lossless wave propagation, P, is of course independent of p, and may therefore be
evaluated in the asymptotic region, i.e., for large p. Using the asymptotic approximation,
Eq. (19), for y, gives for the cross section

o B
a=T”e—4” Y e |42 27)

m=0

where the A, are proportional to the Fourier expansion coefficients of the asymptotic form
for y_ evaluated at the surface, and are defined by
ivp

o) e v mz=‘,0 EmA,, COS MQ. (28)

v, (surf) ~

They are therefore given by

© n+1l_ 7
Ay = @R} S —_—_-—(n(iar)n)!(:finl)’ (29)
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Scattering of a surface wave by a submerged sphere 23
where we have set f, =e *f in order to display explicitly the exponential e *¢
dependence introduced into the f,,, by the factor e "#2 on the right-hand side of Eq. (16).

It is instructive to calculate the Born approximation to the scattering cross section, gy.
This is defined as

oy = P¥/I, (30)

where P? is defined as in Eqs. (24)-(26), but with the exact scattered part of the velocity
potential, v, replaced by the Born approximation, y2, given by

wi(r) = 1/4n J w, (r\V'G(r,r) n'd*s'. (31)

§

This is similar to Eq. (4), but with y replaced by y, in the integrand. Such an approximation
should be useful when the velocity potential on the surface of the sphere is not greatly
modified by the scattering process, as happens when the sphere is not too close to the
surface.

Only the asymptotic form of y? is needed for the cross section calculation, and this has
been calculated in Appendix B, with the result

WO~ W8 ymp = (87/vp)te’C 3PP e™ 4 (va)? cos 120— i <2va cos g), (32)
where i, is the modified spherical Bessel function of the first kind of order 1, which can be
expressed in terms of elementary functions,

£0) = (2010 = 20 SR (3)

here I, is the modified Bessel function of the first kind of order 2. The Born approximation
to the normalized cross section is then given in terms of this asymptotic form as

o vp [® mo )
B =7 . 34
= f wdz L W) sympl 2 d @ (34)

This integral has been calculated in Appendix C, with the result

Jp 2. —4vd
Sy =T {va[I,(4va) + 1] — I, (4va)}. (35)

Fig. 2 shows plots of 6/2a and g,/2a as functions of va, for two values of the parameter d/a.
For the more shallow sphere, with d/a = 1.5, the Born approximation gives a better estimate
of the maximum value of the cross section, but somewhat poorer estimates of the location of
that maximum and of the width of the curve. .

These same plots for ¢ are given in Fig. 3 on a semi-log scale, to show that there are some
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Figure 3. Exact normalized cross section vs. va.

secondary peaks for larger values of va. These occur because the various partial cross
sections, @,

2n

o, = —v—e"”".smlAm]2 (36)

have diffraction sidelobes for large va. This is illustrated in Figs. 4a and 4b, which give plots
of the first four normalized partial cross sections, ¢,/2a, m =0, 1,2, 3. Note that the
diffraction structure is greatly attenuated as compared with such structure in more familiar
scattering problems such as Mie scattering of electromagnetic or scalar waves by a sphere.
This point is further elucidated in Section 6.

5. Application of the Optical Theorem
How many terms are needed in Eq. (27) for an accurate cross section calculation can be
determined by applying the well-known “Optical Theorem™ ([12]). This theorem is a

mathematical expression of energy conservation in a scattering process. It states, in effect,
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Figure 4a. Exact normalized partial cross sections vs. vaform =0, 1.
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Figure 4b. Exact normalized partial cross sections vs. va form = 2, 3.

that in such a process the energy flux of the incident wave is reduced by precisely that
amount of energy which appears in the scattered wave when integrated over all scattering
angles.

The form of this theorem applicable to the scattering of a surface wave is most easily
derived by using Eqgs. (24)—(26) to express the energy flux as proportional to the quantity

S =i(y*Vy — yVy*). 37

By use of Green’s theorem and the Laplace equation, Eq. (3a), satisfied by y, the power P
leaving any volume v through its surface s can be shown to vanish:

P §S‘i,,ds = 14; (w*Vy — wVy*) nds
= if WV — yViy*)do =0, (38)

where n is the unit outward normal to s. If one expresses y as a sum of incident and scattered
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26 E. P. Gray

velocity potentials, y = y, + y,, this integral breaks up into four terms:

Fy+Fy+F;+F, =0, (39)
with the F’s defined as
qu = i§ (W:VW‘I - WPVW;)'ndS’ (40)

%3] =1

where p and ¢ can each be either “i” or “s”.

It is convenient to take v to be a vertical circular cylinder of radius p » a, with its axis
passing through the origin, and extending from the fluid surface to infinite depth. The
integrals over the top and bottom surfaces of this cylinder clearly vanish. By using Eq. (5) for
w; and the asymptotic form, Eq. (19), for y, the lateral integral is evaluated in Appendix D,
where it is shown that

F,=0, (41a)
202np 4 Z in/a

F,+F;~ ———v-—e " Y ¢, Re(4,,e™), (41b)

m=0
and

2 4 2

F~ —-Te Y e,lA,l% (41c)

m=0

Substitution into Eq. (39) then results in the Optical Theorem appropriate to surface-wave
scattering,

Y e, |4, = ~Q2/n)te?™ ¥ ¢, Re(4, ™), 42)
m=0

m=0

or equivalently, in terms of the scattering cross section, o,

_ G

e~ 2 ¥ ¢ Re(d,e™*). (43)

m=0

To determine how many expansion coefficients, 4, , are needed for an accurate cross
section calculation, one may use Eq. (42) as a test. One must employ enough coefficients so
that the finite-sum approximations to the two sides of that equation differ by less than the
amount prescribed by the desired accuracy.

6. Discussion

One of the most striking characteristics of the cross section for the scattering of a surface
wave by a submerged sphere is its essentially single-peak shape as a function of va,
illustrated in Figs. 2 and 3. This is in sharp contrast to the well-known oscillatory structure

of the cross section for Mie scattering of electromagnetic or scalar waves by a sphere [13].
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Scattering of a surface wave by a submerged sphere 27

The reason that these oscillations are largely washed out in the case of surface wave
scattering lies in the exponential decay of these waves with depth. If this decay were omitted
from the calculation of ¥2, for example — i.e., if the factor exp(va cos §') were absent from
the integrand of Eq. (B-12) — then the hypothetical scattering velocity potential, (¥7),,.,
that such an omission would lead to is given in the Born approximation, asymptotically, by

(2], ~ — (87/vp)? (va)® sin g eimhe <2va sin g), (44)

where j, is the spherical Bessel function of order 1, expressible in terms of elementary
functions by

J(z) = (/224 ,(2) = Siznf SRLLLN (45)

z

The details are provided in Appendix E, where the corresponding normalized scattering
cross section is also shown to be

ghyp

3?(1_ = n*{val[J,(4va) + 1] — J,(4va)}. (46)

Thus we see that both for the differential scattering cross section and for the total scattering
cross section for this hypothetical case, the nonoscillatory, modified Bessel functions i,, I,
and I, of Egs. (32) and (35) are replaced by the oscillatory, ordinary Bessel functions j,, J,,
and J,. Thus it is indeed the depth dependence, €*, of the incident velocity potential, ¥,
which largely eliminates the oscillations in the dependence of the scattering cross section on
va.

This same depth dependence can also explain the factor e ~** in the formula for the cross
section, Eq. (27). The influence of the surface motion on the submerged sphere is attenuated
by a factor e™*% The resulting modification of the surface due to interaction of the sphere
with this attenuated wave is further attenuated by another factor e . Thus ¥, should be
proportional to e ~2*%, and the cross section, which involves the integral of |¥|, to e~ **.

It is interesting to estimate the position of the peak in the curve of the Born approxi-
mation scattering cross section, ,, as a function of va. This is accomplished by estimating
the value of x which maximizes the function

flx) =e [xI,(x) — 4I,(x) + x], @7)
where x = 4va and y = d/a. A power series expansion of the quantity in brackets yields

xse—yx O (x/2)2n

S = X G oms

(48)

If the second term of this series is small compared to the first, i.e., for x < 5 (or va < 1.25),
this function has its maximum when x = 5/y. In other words, so long as d/a » 1, the
maximum of the Born approximation occurs approximately at va = 1.25a/d. For one of the
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28 E. P. Gray

cases shown in Fig. 2, namely d/a = 2, this approximation places the maximum at va =
= (.625, very close to its actual value of 0.68. If d/a > 2, the agreement will be even closer.
Thus this approximation for the location of the peak of the Born approximation is excellent
whenever the Born approximation itself is valid.
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Appendix A. Expansion in spherical harmonics

We shall expand all the terms of the Green’s function, Eq. (7), as well as the incident surface
wave ¥, Eq. (5), in spherical harmonics with respect to the center of the spherical obstacle.
i) The expansion of 1/Jr — r| is well known [14],

1 (n—m)! ()

=Y

Ir=r o " tm)t @)

P(cos ) P (cos §) cos m(¢ — ¢'), (A-1)
where (0, ) and (¢, ¢’) are the angular spherical coordinates of rand r', respectively,

Em

1if m=0

{2 otherwise,
a a0
¥, =min(r,1’), 7. = max(r, '), and the summation 3 denotes 3 > .
m,n m=0 n=m

ii) Since y, = €~ 9+ has the form of a plane wave, but with its component of the wave
vector in the z-direction pure imaginary, we shall obtain its expansion from the well known
spherical harmonic expansion of the plane wave [15],

e*r=Ye (2n+1)" (: — "')5 P™(cos 8) P™(cos o)) cos m(¢ — B)j,(kr) (A-2)

m,n (

+m)

where k = (k, a, f) in spherical coordinates, and j,(z) = (7/2z)*J,,,(z) is the spherical
Bessel function of order n.

In order that e’ " be proportional to y,, the cartesian components of k must have the
values

k,=ksinacosf=v, (A-3a)

k, = ksinasin f=0, (A-3b)
and

k,=kcosax= —iv. (A-3¢c)
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Scattering of a surface wave by a submerged sphere 29

Egs. (A-3a) and (A-3b) require that § = 0, so that k and « are determined from

ksina=v, kcosa= —iv. (A-4a,b)
But these equations are inconsistent for real a, since they require that

k?sin? o + k? cos? a = k* = 0,

which can only occur if sin « and cos « are infinite. We must therefore resort to a limiting
procedure.

To that end, we shall express the arguments of P} and j, in terms of v and k, = k cos a.
Eventually we shall let k, » —iv. We define & = (1 + v2/k?)"%, so that k = k_/&. Then the
required limit is lim, , , P7"()j,(—ivr/).

Note that for real «, the associated Legendre polynomial P7(cos o) in Eq. (A-2), from
which the factor P7'(¢) in the above limit arises, has an argument between—1 and + 1. It is
therefore defined in the usual way [15] as

m

PM(cos a) = (—sin a)” d_(C%t)_"' P (cos a). (A-5a)
Thus P;(£) must be defined as
PR = (=11 = &2 dif; P,(S), (A-5b)

which differs by a factor i™ from the usual definition for associated Legendre polynomials
with an argument greater than 1 [16]. This factor must be inserted in the tabulated
asymptotic limit [17]. Thus we have for large &,

im2ET(n + 1)

Pr¢) ~ -
PO~ g (A-6)
Using the first term in the series expansion of j,(z) [18],
. Z"
WO~ G (A7)
where (2n + 1)!! = (2n + 1)(2n — 1)...3 x 1, we obtain for the limit
. . ivr " (vr)
lim P -] = A-8
which leads to
y, =e G dtivx _ g=vi S Enl" 0T cos mg P™(cos 6) (A-9)
' = m+n)! PrwiCOs T
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iii) For an expansion of 1/|r — r’| we start with a formula like Eq. (A-1),

1 m=m)t ()
= 2ép (n+m)! (FLy*?!

m,n

Jr—¢"| P™(cos 8)P™(cos 6" )cos m(¢ — ¢'), (A-10)

where r”. = min(r, r"), r, = max(r,r"), and (r", 6", ¢’) are the spherical coordinates of +’
(see Fig. 1). Since both P and P’ will eventually lie on the surface of the submerged sphere
when evaluating (0°G/0rdr’),_,,_, in Eq. (9), we have ", =r and r’, = r". To facilitate the
6'-integration in Eq. (9), we will now express P™(cos 8”)/(r")"* ! in terms of 6’ and r'.

To that end, we note that this quantity is also equal to P™[cos(z — 6,)]/(r})"* ! (where r,
is the vector from 0,, the reflection of 0, to P’), which is the irregular solid spherical
harmonic with respect to a center displaced by 2d from 0. The transformation of such
harmonics has been accomplished by Steinborn and Ruedenberg [19]. They find that, for
r<2d,

. VR (n+ K)! _rl_'l+1 N )
P"[Cos(n_el)]_K‘:v‘m_———(n—m)!(x+m)!(2d> (2d> Pl(cos 8'), (A-11)

which leads to the required result,

L 1y __("+_")'__( ! )"(LYP;'(COS 0)Pr(cos0')

r—r 24 ="t m) (< +myi\2d ) \2d
x cosm(p — ¢') (A-12)
for the desired case for which r’ < d, where the triple summation Y denotes > > Y .
x,m,n m=0n=m x=m

iv) To obtain the expansion coefficients 4, in the spherical harmonic expansion of
2rive= = 72 g (VR),

2rive’** 729] (WR)= Y ¢,A,, P"(cos )P (cos8')cos m(¢ — ¢'), (A-13)

K,m,n

mnK

where R = [(x — x')? + (y — ¥')*1%, we express z and z’ in spherical polar coordinates,
substitute for J,(vR) the addition theorem expansion,

JoOWR)= X e,J,(vrsin 6)J, (v’ sin 6') cos m(¢ — ¢'), (A-14)
m=0

multiply the resulting equation by
P?(cos 8) Pi(cos 6') sin 6 sin 6’ cos pg cos ¢’

and integrate the expression over ¢ and ¢’ from 0 to 2z and over 6 and ' from 0 to =.
Remembering the orthogonality of the trigonometric functions and of the associated
Legendre polynomials, as well as their normalization integrals,
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P . 2 (+ m)!
L [Py (cos 6)]* sin 8d0 = (21 ) ) ~(l—_—~m)—!, (A-15)

we obtain for the expansion coefficients

4 = igipe-2v @2n+ D2k + 1)(n — m)! (x —m)!
mnk 2 (n+m)! (x + m)!

y J "] (yr sin 8) P™(cos 6) sin 00

0

X J e ¥ J (vr'sin §') P™(cos 6') sin 8’ d6'. (A-16)
0

The remaining integrals can be evaluated from a form of Gegenbauer’s finite integral,
namely [20]

J. gikreoseosa J (K sin 6 sin o) P™(cos ) sin d0 = 2i" ™™ P7'(cos a)j, (kr). (A-17)
0

To obtain the integrals in Eq. (A-16) from this equation requires setting
ksina=v, kcosa= —iy, (A-18a,b)

the same as in Egs. (A-4) The same limiting procedure must therefore be used. The result is

" , ) 2(vr)"
vrcos @ n 0 0 _
L e J ,(vr sin ) P7(cos 8) sin §d0 = ” T 1)’ (A-19)

which leads to the value for the expansion coefficients

_ 2nmive” 2 (yryt (vr'y¢

m T (m+ ) (m+ k) (A-20)
v) To obtain the expansion coeflicients B_,, in the spherical harmonic expansion
2v ) gtz +=' =29 Jo(kR) dk
0 k—v
= 3 &,B,,.. Pr(cos )P (cos 8') cos m(p — ¢’), (A-21)

m.n, K

we multiply by Pf(cos 6) P¥(cos 6") sin 6 sin 6’ cos pp cos q¢’ and integrate over ¢ and ¢’
from O to 2n, and over € and 8’ from O to n, with the result

1Yk © o —2kd
_ 2\/( 1) r'r f € k"% dk. (A-22)

me T m A+ n)(m+ k), k—v
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The integral in Eq. (A-22) can be expressed in terms of derivatives of the exponential
integral,

@© e—2kd an+x _
:£ P kntrxdk = (—v)rtert W[C_PEi(p)]p=2wp (A-23)
with Ei(p) defined as
_ @ e“t
-p

The derivatives can be evaluated as

al _ _ -1 ]!
5 (€7 BN = (—1)’[6"’Ei(p) -3 ;—] (A-25)
j=o0
Thus the final result-is
2 _1m+1 n K - n+x—1 '
o = v((m +)n)!(f:r+)- i(Cv)r') [C—ZVdEi(zv‘i)— -:Lo (2"‘]1)”1]‘ (4-20)

Appendix B. Asymptotic expansion of scattered velocity potential and of its Born
approximation

The scattered velocity potential, ¥ = y — y, is written in terms of the Green’s function G
and the total velocity potential y, from Eq. (4),

w(r)=1/4z J w(r)V'G(r,r) n'ds. (B-1)

To obtain the asymptotic form for y, therefore, requires the asymptotic form of G(r, ') for r
— o0 and ' = a. Thus

a2 = ! i / 1 a ! . ’ 7
w,(r) ~~4?J do L wi(a,b, o )[5,— G(r,r ):lr,q”—’Go sin 6'd6’. (B-2)

0

To obtain the asymptotic limit of G, we rewrite it as [11]

1 1 4y
! + "’ -
lr —r'l [r —r"| n

G(r,r')=

X ‘r {vcos[k(2d — z — 2')] + ksin[k(2d — z — 2')]}
0
Ko(kR)

de + 27Zive‘V(Zd—z—ZI)HE)I)(VR), (B'3)
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where K, is the modified Bessel function of the second kind of order zero and H{ is the
Hankel function of the first kind of order zero. The leading term in the asymptotic
expansion of this expression for large r but finite r’' comes from the last term, so that

G(r, ¥') ~ 2mive 4=~ )eiCR=4m (2 /my RYH[1 + O(1/R)], (B-4)

as terms of order 1/R from the first three terms of Eq. (B-3) cancel.

In order to evaluate 6G/dr', Eq. (B-4) must first be expressed in spherical coordinates of
the “primed” variables. The leading terms for large r in dG/0r’ arise from differentiating the
exponentials, so that

[ZS (r, r/)] ~ 27ZiV2(2/7ZVp)*C - v(2d—z—acos@')eiv[rsint)—asint)’cos((p—(p')]e—in'/‘t
r'=a

x [cos 8" — isin O sin &' cos(g — ¢')]. (B-5)

Replacing y in Eq. (B-2) by its spherical harmonic form of Eq. (17), enables us to write the
asymptotic limit for y_ as

, . 2n+1
Y (r) ~e™*(va)te 247D 2nvd) " te? Y amfm,,< nn:1 >%

m,n

2n .4
x J dg’ cosmo’ J df’ sin 0’ PT(cos 0')eralcost’ ~isiné’costo = 7)) (B-6)
(4] (4]

since for r —» oo but z finite — the desired asymptotic regime — 8 — n/2.
The ¢'-integral is easily evaluated,

2x

f g ivasin®'cos@’ =9 cogsme’dg’ = 2ni~™J, (vasin §')cos mg, (B-7)
0

leaving us with

w,(r) ~ ne™*(va) e A2 nvpt ¥ ¢ f, ™ 2n+1 cos m(pi

5 mn A\ n+1 d(va)
X f d¢’ sin §' P™(cos §')J, (va sin 6)e**s%", (B-8)
0

But this contains the same integral as has been evaluated in Eq. (A-19), so that we obtain
finally for the desired asymptotic limit of the scattered velocity potential

i—mn(va)n+1

~ 4 o —v(2d—2)  ivp 4in/4
w(r)~ (8n/vp)ie e 3 Emfm,.————(n D=y S ™ (B-9)

The Born approximation, y?, is defined by an equation similar to Eq. (B-1), but with w(r')
replaced by w,(r'), ie.,

wi(r) = 1/4n J w,(r VG, r') n'd*s. (B-10)

s
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Using the spherical harmonic expansion of y,, Egs. (10e) and (11e),

(')

(m + n)!

yr)=e"Xe,

P (cos 0') cos m¢’, (B-11)

and the asymptotic form of Eq. (B-5) for [0G(r, r")/0r"]
of y? an expression similar to Eq. (B-6),

we have for the asymptotic form

r=o

i"va* 0

B ~ pin/4 2.,—v(3d-z) —% Livp
y.o(r) ~e™*(va)’e (2nvd) e Y ¢, T ) 30a)

m,n

27 4
X J dg’ cos mq)’f df’ sin @' PT(cos 0")eYalecs? ~isiné coslo =] (B-12)

0 0

The integrals have already been evaluated in Egs. (B-7) and (A-19), so that we obtain

n(va)2n+ 1

2n+ 1)n—m)! (n+m)!

Y2~ eiMte B34 (8n/vp)te™ T e, cosme

m,n

(B-13)

The sums can be evaluated in closed form. We sum first over n,

E n(va)2n+1
@n+ Dn—m)tn+m!’

We define

0 2n+1

R, (x)= 2%

nx
RCn+Dn-ml@n+m)

(B-14)

Differentiating, dividing by x, and integrating the result from 0 to x gives, for m > 0,

"X dt © 2n
jwm7=% X (B-15)

x @0 2n
jmm?=%zx . (B-16)

The sums in Egs. (B-15) and (B-16) can be expressed in terms of the modified Bessel
function I (z), which has a series expansion

w0 (2/2)21+p
=y —— B-17
L@ =2 irasp+ 1) (B-17)
Thus Eq. (B-16) becomes directly
Lo dr
Ry(0) - = 41o(2x) — 11 (B-18)
0
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To evaluate the sum in Eq. (B-15), we set I = n — m, with the result
x t
f R (1) jdt— =11,,.2x) for m > 0.
1]

Differentiating Egs. (B-18) and (B-19) yields

R, (x) = xI;,(2x) for all m.

R, (x) can be expressed in terms of I, (x) by means of an integration by parts,

2x

Rm(x) = % IZm(zx) - %J IZm(t)dt

0

Thus the asymptotic form for y? reduces to
Wf(r) ~ eiﬂ/4e—v(3d—z)eivp(2n/vp)}
o) ' 2va ®
X [va Y ¢ 1,,(2va)cosmp — %J Y e,1,,(t)cos mqutJ.
m=0 0 m=0

The sum over m can also be evaluated in closed form [21],
< 4
2 ¢,1,,.(p)cos mp = cosh (p cos —2—>
m=0

The integral can now be evaluated trivially, so that we have, finally,

WSB(’,) ~ eiﬂ/4e —v(3d -z)eivp (27’5/\’[7)%

sinh <2va cos i)
] 2
x | va cosh <2va cos 7) —

5

4
2 -
cos 5

or, in terms of the modified spherical Bessel function defined in Eq. (33)

wi(r) ~ e™*e 34 (8n/vp)t (va)? e cos % i <2va cos %)

Appendix C. Born approximation to the scattering cross section

We wish to calculate the Born approximation to the scattering cross section

= 2Vp J' dz f |(Ws )asymp d¢’

35

(B-19)

(B-20)

(B-21)

(B-22)

(B-23)

(B-24)

(B-25)

(C-1)
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where (wf)asymp is the asymptotic form of the Born approximation to the scattered velocity
potential given in Eqs. (B-24) and (B-25). The z-integral is trivial. The g-integral requires the
evaluation of

2
. y 0 sinh <% cos g)
K(y)= cosh{ —cos—})——+—-——~ | d C-2
o) L Q J ol €
2 2

with y = 4va. Changing the integration variable to ¢ = cos 3¢ and using the double angle
formulas for hyperbolic functions reduces K to

1 cosh yt
K@p)=2| ———=—dt +
(Y) J; (1 - y2)4}
8 [ (coshyt—1) 8 (! sinhyt
Sy g 2 Y i 3
y2 JO t2(1 _ t2)s} y R t(l _ t2)s} +n (C 3)

The integrals can all be evaluated with the aid of the well-known integral representation
for I(y) [22],

2 [ coshyt
=2 | == 4 4
o) =— L T= 78 dt (C-4)

For example, if we let

_ [ sinhyt
T (y) = L mdl‘, (C-5)

then
n
T'(y) = 5 Iy(y), (C-6)
and

fm=§f%ma ©7)

0

Similarly, if we set

_ " (cosh yt — 1) _
g()’) = JO Wdt, (C 8)
then

L'y)=9@)= % j , 1,(t)dt, (C-9)

0

and

20) = % JV dv f 1,(t)dt. (C-10)

0 0
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Changing the order of integration results in

Z() = % J ' 1,(t)dt J Ty = % f (v — )] ,(t)dt. (C-11)

4] 0
The second integral can be evaluated in closed form,
v
J tlo(t)dr = yI,(y), (C-12)
0

so that the expression for £ becomes
Yy Y
Zy) = —2—H Io(t)dr — Il(y)]- (C-13)
0

Substituting Egs. (C-7) and (C-13) in (C-3), we note that the terms involving 3 I,(r)dt
cancel, and that

K(y) = ﬂ[l + 1o(y) —%11(?)]. (C-14)

Substituting in Eq. (C-1) gives, finally, for the Born approximation to the normalized cross
section

—;7’;— = n?e”*{va[l,(4va) + 1] — I,(4va)}. (C-15)

Appendix D. Calculation of the F’s

In evaluating F,, F,, F; and F,, defined by Eq. (40), we use for y; the plane wave of Eq. (5),

as well as its expansion in polar coordinates,

i

Wi - ev(z—d)+ivx = ev(z—d) Z imeirmpjm(vp)’ (D-l)

m= — o

and for y, the asymptotic form of Eq. (B-9),

eiVP v(z — i im
N T (z=3d) =z_ A e, (D-2)
with
n+1_7F
(va) N min

A = (Sn)ii"lmleiu/4 3 7+ ) = m])! s

(D-3)

and f,, = ¢, . The integral over the lateral surface can be written as

'd 2n
§...ds=pj ...dzj ...de. (D-4)
s — 0
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The z-dependence of all terms comprising the F’s is €**, so that the integral over z yields
€2*4/2v. The quantity F, is easily shown to vanish, using

oy, .
Vy, i = % i, =ivcos pe'C It (D-5)
so that
2n
F,= -—pJ cos pdp = 0. (D-6)
0

For F,, we have by straight-forward substitution, and carrying out the integration over ¢,

1 % > . ) .
F ~— = (—z—) e” 1 Y {4 [(—1)re-imte2™ 1 eM4] +ccl, (D-7)

m=—
where c.c. denotes the complex conjugate. Similarly,

1 + © ; . .
F,~ S (%) e 2 ¥ {4, [(—1)re" M4 — 4] el (D-8)

m=-—o

In the sum F,, + F, therefore, the p-dependent terms cancel, and we are left with

2n)t ® .
Fy+F i~ — (—?—e‘“" Y (4, +cc)
200 ., ® »
=—-— ¢ MY ¢, Re(4,e™*). ‘ (D-9)

m=0
The calculation of F proceeds in the same way, with the result.

2 o0
Fo~— ey ¢ 14 2, (D-10)
- .

m=0

Appendix E. Born approximation without attenuation with depth

We wish to calculate the Born approximation to the hypothetical velocity potential and the
associated scatterings cross section of a submerged sphere in the absence of the attenuating
factor e** for the surface wave, i.e.,

[¥2(r)],,, = 1/4nj YW Gy, ) W d?s (E-1)

s
where 'I’,.(r’) — eivx’ — eivasino’costp’ and

Gy, ¥') ~ 27ivHP(VR) ~ 2miv(2/nvR) /R %), (E-2)
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Expanding R for p > a and differentiating, yields

l:——ﬂ—aGha (,r, ! )il ~ 2nv2(2/mvp)te ™4™ sin O sin 0’ cos (¢ — ¢')
r r'=a

x @~ ivasiné’ cos(p @) (E-3)

so that in the asymptotic regime where 8 — 7/2 we have

2

[¥2(F)Jhy, ~ (277p) F(vaPe™ e J

J0

do’ cos(p — w’)j do' sin? 0’

0

X eivasin 0'[cos @’ —cos(p —@’)]

2n

= (2nvp) *(va)e i"4eivP j
0

de’ cos(p — w’)f df’ sin? '

0

X e—2ivasin9'sin}(psin((p’—J}(p). (E-4)

The ¢'-integral is readily evaluated,
2” . . . .
J e—2wasm9 sin 4 @sin(¢’ — 1¢) COS(¢/ — ¢)d¢’
0

= —2rzisin g J, <2va sin 8’ sin %) (E-5)

For the &'-integral, we employ Sonine’s first integral [23],

/2 2’r 1
f J(zsin ) sin** 1§ cos®*16'dlf = ——Z(%l Jyrys1(2) (E-6)
0
Setting # = 1 and v = — 4, we obtain
B 3 %-wimmiw . @
[¥(F)]ny, ~ —7(2/vp)?(va) sm? e e ], | 2va sm—2~ , (E-7)

or, in terms of the spherical Bessel function,

sinz cosz

J1(2) = (n/22)},(2) = T, o (E-8)

[22(F)]y,p ~ — (87/vp)E(va)* sin ge"‘/“e"”"j1 <2va sin g) (E-9)
The hypothetical scattering cross section corresponding to this velocity potential is given
by

2
oy® = pf (P22 do, (E-10)
0
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which requires the evaluation of

2
2x , sin % sin ;)
M@) = j cos <? sin %) S G .V P (E-11)
0 .

Changing variables to y = ¢ — 7, and utilizing the periodicity of the integrand to rewrite
{* .dx as [2"dy, we note that this integral is the same as K (iy) [See Eq. (C-2)]. Thus we have

4
M(y) = ﬂ[l +Jo¥) — -);Jl()’)] (E-12)
and
oy® = 2an?{va[J,(4va) + 1] — J,(4va)}. (E-13)
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